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Abstract: Because the traditional quaternion multiplication does not meet the commutative law, a kind of commutative
quaternion was introduced, and a commutative quaternion valued neural network (CQVNN) was established, and the
asymptotic stability of the CQVNN was studied. In the course of research, the CQVNN were decomposed into four
real-valued neural networks. Then, through the topological degree theory, the traditional Lyapunov stability theory and
the inequality theory, the conditions for the existence and uniqueness of the equilibrium point of CQVNN and the linear
matrix inequality (LMI) conditions for the asymptotically stable of equilibrium point were obtained. Finally, a numerical
example was given to verify the validity of the conclusion.
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SR, Z HTRIFFE IR DY e HS ph 22 I 25 38 S 1) DY ot
B AW %1 (Hamilton) FeyZ N2 R,
UERRASTH S TV EAT . A TR YUK AN ), A
e T R LA ) DY e (BLR TR AZ
UIBTe @ PR N I UL TV 12 D i R 4 =R B
KA, BRA LB G T (R TR
ERNR, XPAS HR DU ST EA 2 2% (commutative
quaternion valued neural network, CQVNN) 5%
WIGAE V2 PR, Bl AU o R fE7E 3
ANILHE, DY TR R T e, A TG
BN ARG . XL ) FRATAF L H 5K
. I RA AR DY e AN E AR A G T
THPUTCHL . AT FREX L), SO AL DY 7T
IR CQVNN Bl Ay S 2 i 26, 1Eifi
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q=q"+q'i+q’ j+q"keQ (D

H, ¢ s ' ¢F e R DRHIFRRAZHIUICHEI
Ay SRR B A LUSCR DU A I AL
B, MEPRAL AL jo kS W NIE SN,
i=k*=-1,j7 =1

j=ji=k

Jk=ki=i (2
ki =ik =—j

ijk =—1

LD TCHL g FAAEQTE 3 FHILH:
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9" =q"-q"+q" —q

97 =q"+q'-q' +4¢*

9" =q"-q'-q¢" +4"
q M L -

lql'=q9"q? ¢ =

[(¢" +q") +(q" +4")]x
[(¢" -¢") +(q"-4")1=0
TG AL BT p=p"+plitp’j+
prk K, p 5 q MRRE LI
pqg=qp=
P'q" -p'qg" +p'q" - p q")+
(Pq" +p'q" +p'q" +p )i+
(¢ +p'q" -p'q" -pq")j+
(P'q" +p"q" +p'q’ + p’qHk
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JE AR B
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h=—F DL ="
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q(t)=—-Cq(t)+ Af (q(1)) + Bg(q(t — (1)) +u (3)

b, q(0)=(q,0),4,(0),-,9,(0) €eQ"ZEAT n A
2 J6 [ CQVNN 1 ¢ B ZI (R & 1 & .
C=diag{c,c,,-¢,}eR", ¢,>0 (i=1,2,--,n), &
HRBOERAE, A=A"+A'i+ A j+ A keQ™"
SEIERRUERE, B=B*+B'i+ B’ j+ B ke Q™" &
I B f ()= (fi(q,(0), fi(g, (),
£(q, ()" € Q" & AT i VU 76 H A 1 BT oR 4L,
8(q(t—7(1)) =(g,(q,(t —7(1)), &, (g, (t —7(2))), -~ ,
2,(q,(t—7())" € Q" J& 5 A7 i ¥ifs ¥ A2 486 DY 76 H{H
IR u=u" +u'i+u' j+u"k =, u,, -,
u,)' e Q" ESMBIAIE, 0<r()<7(r>0)&
. X (3) MIRIGRS A



“82- FREREE S HAR

2%

q(s)=0(s)eQ",s e[to -7, to]
P(s) =" () +9' (8)i+9" (s)j+ 0" ()k
ILrhy 1, A (3) RARMRE VIR, 7 Kt
I T(e) LS o(s) RGN AT
Big1 Bg@)=q"O+q' Oi+q" 0)j+q" Ok,
" @)~ ¢' (O~ ¢ () g" () eR X THAHK m(m=
1,2,---,m), f,(q@) Mg, (q(t—17(r))) BEBRINEL:
£ @(@®) = 5@ O)+ £, (q" @))i +
£1(q” () j+ (" )k

g, (qt—1(0) =g, (¢" (1 —7()) + g, (q" (t —(1)))i +
2, (g’ (t—z())j*g, (" (t -t (O))k
o, £Le), gl(s):R" > R" L e{R,1,J,K}, Ti/L:
D)= F DS, [x =)',
|2, =g, (WIS, | x =y |, va',y e R
o, 1 1 R (Lipschitz) #74, c:
L' =diag{l' ,I,---1'}, L' =diag{l',[,---,I"}
FT0 Q) MEE 1, (3D ATLIEES K
arr e
") =-Cq"()+ A" [ (q" () -A"f'(q" )+
A (g’ () - A" 5 (" @0) +
Big"(q"(t-7(1))-B'g' (¢' (1 — (1)) +
B'g" (¢'(t—()))- B  g" (¢" (t —z(1))+ u"
(4)
§'()=-Cq' )+ A" f' (g )+ A" (q" (1) +
A (g )+ A" f (g @)+
Bg'(q't—7() +B'g"(¢" (t - (1) +
B/ g (" (t-7(1)+ B g’ (¢’ (t—r(t)+u'
(5)
g () =-Cq' )+ A [ (q" () - A" f*(g" 1)+
AR (g (1) - A f'(q" (1)) +
B g’ (q" (t—7(0))— B'g" (q" (t —z(1))) +
B'g"(q"(t—7())- B g' (¢’ t (1) +u’
(6)
q" ()=-Cq" )+ A" [ (g" )+ A" f'(q" 1)+
A f'(q' @)+ A" fH(q" () +
B g" (q" (t—7(0)+ B'g’ (¢ (t — (1)) +
B'g'(q'(t—7(t) + B g" (¢" (t —z(0))) + u*
7

W (4~ (7, AT
0(1) =—-CQ(t) + AF(Q(0)) + BG(Q(t — (1)) + U (8)
;H;EF"

AR _AI AJ _AK
P A" AY 4AF A
AJ _AK AR _AI
A 47 4 A"
BR _BI BJ _BK
Ao B B® B B’
B./ _BK BR _Bl
B* B’ B' Bf

(1) =((q" )" .(g" ). (g’ )" .(g" )"
U =", @), @) @)y
C = diag{C,C,C,C}
F=((f" DD
G=((g"".(g". &)
BB 1, TR
|F(@)-F@)I<LIQ -0
1G(@)-GQ)<L|Q -0'|.vQ'.Q" eR"
Hp, L=diag{L", L' I ,I*}, L=diag{L*, L' ,.L ,I*}.
EX 1 FHEIEG=G.G0q,) WL —Cq+
Af(§)+ Bg(§) +u =0, WIFRHEH0 & g 228 # DY ot

Hohee g (X (3)) I T
N TRRIES (7) RN RGEATME P4 5L,
ity LA M

&2 C—|A|L-|B| L& E% 5 M 4R,
% 3 WK=C—|A|L-|B|L, K+K"ji-—

AR S R

EE1 R L B2 o, WL 8
TR R GALAEME— (1) T4 25

E 2 R 1L B3 Eon, WAL (8
TR R GALAEME— (1) T4 25

WERR  JEI SR e B 1 e B 2, AT RL
A BIACC R 1 R B 2,

KT EIMT I (8) FoRMEHMARS,
Wi RGOV O S U 0 = (6", ),
@)@ R (8) FRM ARGV,
00 =00)-0, W (8) 28Ky F i [l f JE
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0() =—CO() + AF(0()) + BG(O(t - (1)) (9

i, FQ0)=F (1) +0)-F(Q), GOt —(1) =
GOt -1(t)+0)-G(0) .

BAR, R (9) FIRISE R G5 R
530 (8) RR IS R G o AS e DU 6 K 28 0 2%
sk (3) Bir) (RSP s iR P S A 1

Tt (9) IMHER e M —AN R X

EX 2 FEXTAEELE M e>0, HEARE
Bo=06(e,t,), HFHYx, <o Ae>t wf, =X (9
H@ﬁﬁé(t)zé(tatoaxo)ﬁﬁ&”é(hto’xo”kg’ MFR=K
(9) [MEfFRFEEN .

EX 3 U R S AR B — AT
K, 0 FHI 1 x, e U FUTREA T >0, #
REHRBNER T =T(e,1y,x)) » >0, +TH, X
(9 IR Q1) = O(t.1,,x,) Wi /L || Q(t.,1,,x,) |l< & » W]
Bt (9 IEBMEREIN, U ZR (9) MEMm
[y — g sk

EX 4 P (9) BRI FE I 5]
(f, WFR (9) MM RITERGER; #3:X (9
QMRS EUE AR, R (9)
A JR T R SE 14

2 gt s, X9 KT AR SR
R BEIRER R G A . R FRR R T L
4t (9D PR R e RN 5 | 1) B 2

TPl > ¢, lim x(t,,,%,) = 0 i, FRX (9)

2R A E 1Y 5
STV x, €U limo(e, t,x) =0, FRA(9)
ARG o
511 W TEEabeR", WEPZE—NET
RS PRAE R, T
a'b+b'a<a'Pa+b"P'b
WERR ARHESCHRI12] A9 51 BE 2, T L E 349 2
XAER
SIEE 21 2 HACY R A2 BT
1) §,, <0 H S - S12S;21S21 <0,
(i) S, <0F1S,-S,S8S,<0.
IESEWAPSsEcr

S:[Sll S12J<O
S21 S22

Hr, S\ =8,. S,=8,f8,=8,,.

5138 317 PRSI U A, A7 AR IEE (i
SE) BBV (6) 13V () R puE GEE) 1, W (9
(1) it S T A E I 6

3 IR AR ) AL 2 A 2 I 4
B ITEAT T, 2 IS LA 2 1 SE o £
W9 25 B S BE AR P 2%, TR LG 48 I 2% E A 3 —
Y ml o DU 2 S5 g s B — e R B, T
A&, 3T JUAE L T 25T Hamilton B0 ¥ DU so$oph 28
W2, XA 2 I 26 F v A B ) A FE R AT — 5 1)
Lo fH7E, FET Hamilton HEI 1 PY 70 ECAN I A2 e
EATHRAE, ARSCEE T n AT DY TO IR 28 ) 2 A5
B, — e FEE BA# Y T 5T Hamilton U DY o4k
P 4 25 HAT 1 =) PR
3 EmHERES

AR LT AR S (Lyapunov) A8 € P BE
wer i (8) RRI RGEMME— P47 ri Wi foE
kW Al

EIE 3 B 1L 2 AT, MR 4
EENFERE Py Py Ty T A 0R 24 BEAS
2530 (linear matrix inequality, LMI) 4107

~CP-PC+P,+LI'L PA PB

AP -, 0 |<0 (10)
B'P 0 I,
LT,L-(1-7)P,<0 (1D

W (9) Fos RGEMME— P mUS WA E (1 o
UERH: FI&EWT Lyapunov BRI%K:

V=0"OR0MO+[ 0 (s)PO(s)ds
WRE 1 RBI8E 1 35TV () (1 S 5L
V()= 0" (PO + 0" () RO(1) +
Q' (PO - (1-7(1))x
Q' (1 —7())PO( —7(1)) =
0" ()(~CP, - PC + P,)O(1) +
F'(Q(t)A" BO(1)+ Q" () PAF (Q(t))+
G"(Q(t-7()B"PO(t) +
Q()PBG" (Q(t— (1)) -
(1=2(0)Q" (t — (1) POt — (1)) <
Q" (1)(~CP, - P.C + P)O(1) +
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F' Qo) F(Q(t) +
Q' (NPAT' A" RO(1) +
G (Ot~ ()T, G(Q(t — (1)) +
Q" ()PBI'B"RO(1) - (1-7)x
Q' (1 —t(t) POt — (1) <
Q" (\)(—CP,-PC+P +
PAI'A"P+ PBI'B"P)O(t) +
Q' (t—t (LI, L~ (1-7)P,)O(t (1))
WAETIE 2 A1 (10) B -CP,-PC+ P, +
PAIT'A"P+PBIT'B'P <0, %43 (11), 133
V(t)<0o XAV @) ZAm LI, MRaE—gm)
Lyapunov FUEPEER (5[HE 3) 15415 (9) FoR
(1) R G PRI E — P18 m A T A E 1)
4 ZEBIoh
A T I E PR 3 45 B RS E 1R (AT
AR — M 3 MARKEN, JFEd
Matlab 2 L A# it 2 I ML I B, 1T 4 e A
S RS RN 546, T8RS b
R, 7R 2 T RGEIEFAL LA R G AN
BT IN— AN IEA A (0,1) M, SR JEIEE
I HT R G R ML A
(1) F 1
5 RN AW DU K 2 Y s <
q(t)=-Cq(t) + Af (q(1)) + Bg(q(t —z())) +u (12D
o, A=(a,)50, B=(b)) 105
a, =—0.1-0.4i—0.1j — 0.5k,
a,, =—0.4+0.2i—0.4j +0.2k,
ay =—03+0.1i— 0.2 +0.1k,
ay, =—0.6—0.1i—0.2 — 0.1k,
b, =02-0.1i+0.1j+0.1k,
b, =0.2+0.1i — 0.2 — 0.3k,
b, =—0.1+0.1i—0.1j — 0.2k,
b, =03-0.3i+0.1j + 0.2k,
C = diag{4,4}, 7(t) = 0.5sin>(7),
f(q(0) = tanh(g" (1)) + tanh(q" (¢))i +
tanh(q’ (¢)) j + tanh(q" (t))k,
2(q(?)) = tanh(g" (1)) + tanh(g’ (£))i +
tanh(q”’ (¢)) j + tanh(q"“ (¢))k-

WL =L =diag{l,1}, (€ {R,1,J,K}, BIHWKIE
C—| A|L-| B| L& LAERE, 2315435 C-| 4| L-
| B| L (FRFEME R 0.694.4.669.4.000.3.900.3.806.
3.400. 3.432. 3300, ©Af14aHAESZHE, U
C-| A|L-| B| L 2AF#7 5% M HiFE. T3 Matlab
1 YALMIP T H 4, 453 1E € X5 f Ff
P. P. I\ I,, 7L (100 F=0 (1),

F=diag{P,,R,,P,, P}
P,=diag{P,,, P,,,P,,, P,,}
I =diag{l’, . I',,,I',,, T}
r,=diag{l',,,.I',,,I',,,I',,}

P_3.5668 0
"0 3.6169

P_11.9318 0
21 o0 12.0776

8.3862 0
r, =
0 8.4712

4.8406 0
r,=
0 4.8649

e 3, bR (12) KR RS E
WL AR E ). X BRI R K VILEE N -

12-13i+1.4j+19%
q(s) = . .
-1.6+1.8i—15/—1.6k

Hrp, 5€[-0.5,0], K 1~FE 4 JBR TS RS0
4 AN RIS, X B IPREPIT LR RSN
filr e, MOX 4 W@ nT UG B4l 28 o HR IS
R RS, WS AN §=(G,),, » H P
G, =0.439+0.186i +0.383 +0.287k , G, =0.324+
0.362i +0.274j + 0.386k -

1.5

R

—q|
1A0_\ g
0.5k

0 5 10 1t5 20 25 30

1 TP TTE 2 R 20— T2 RS
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—qi
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—qi
10 --q
0sf
S 1 A R
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—qf
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2% s 10 1;5 20 5 %0
B4 I TER S S DT R ok
Kl 1~ 8 H1 g Fl g, sl = (12) Fin R4
PISE—HERNEE i, (Romg Mg MALRE. o ||/ T
(2) ZHi2
K] 1 9 R RGIERARSE A F1 B L)
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AP, AR A Bl OT IR S, XA
7552 A A0 20 I 2% o Ao T Ak B0 1) 7 S 2%
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B DY TeE R A 3 ALY — S Py R & b
W, SRR AT 8 DU TG R 28 N 45 i 4 AN SIEAE
M 2%, I ASEAX R Lyapunov F0E PEEE R
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